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1 Introduction and motivation 



In modern mathematical physics, hypergeometric and g-hypergeometric functions have 
found their apphcations in the development of the theory of difference equations and 
in quantum and non commutative geometry. And in many results, like the theory of 
lattice integrable models, Bethe ansatz and Toda systems [l]-[3] for instance, they are 
formulated or realized in connection with these types of mathematical functions. In this 
context and to illustrate a physical application, we cite ref.[l] where a representation of 
g-hypergeometric functions of one variable was found in terms of correlators of vertex 
operators made out of free scalar fields propagating on Riemann sphere. Among these 
basic functions or g-functions, there are polynomials which are structured in schemes. 
An interesting one, so-called Askey-scheme [5] of hypergeometric orthogonal polynomials, 
consists of all known sets of orthogonal polynomials which can be defined in terms of a 
hypergeometric function and their interrelations. The g-Askey-scheme is the quantum 
version of the former, however the hypergeometric orthogonal polynomials may admit 
several g-analogues. Only few of these g-orthogonal polynomials possess generating func- 
tions written in terms of g-exponential functions. It is for this fact that we deal with these 
g-polynomials in this paper. Our interest here was motivated by the results of reference 
[H] where it was established that the two Jackson's g-exponentials 

with (a; g)o = 1, (a; q)k = nj=o(l ^^^d (a; q)^ = YYjLoi^ could be expressed 

respectively as the exponential of series as follows 

and 

'''' 

Furthermore, in the reference |7|, the multiplicative series form of the g-exponential were 
exploited to derive a new nonlinear connection formula between g-orthogonal polynomials 
and their classical versions, namely g-Hermite, g-Laguerre and g-Gegenbauer polynomials. 
Their results are expressed in compact form and some explicit examples are given. Also, 
the authors of [7] emphasized the possibility to extend their work for other g-orthogonal 
polynomials such as little g-Jacobi ones. In the present work we will take benefit of 
their idea to compute the connection formula between other g-orthogonal polynomials, 
appearing in the g-Askey scheme [5] , and their classical counterparts, namely the contin- 
uous g-Laguerre, the continuous big g-Hermite and the g-Meixner-PoUaczek polynomials 
and we give an alternative connection formula for the g-Gegenbauer polynomials distinct 
from the one given in In our knowledge, these cases have not been treated before. 
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To proceed, similarly to the work of Cliakrabarti et al we first give the generating 
functions of any g-polynomials cited above and use, on one side, the series development. 
On the other side, the Quesne formulae allow us to express the g-exponential function 
as a product series of the classical exponential function. And this leads finally to the 
connection formula, up to the resolution of a Diophantine partition equation appearing 
during our computation for any examined cases. 

As all the g-polynomials constituting the g-Askey scheme can be defined in terms of 
the basic hyper geometric series r4's, we recall here their expression (see for example [8]): 



r0s(ai, 0.2, Or] h, 63, bs] q] z) = 



(ai; g)„(a2; g)„...(a^; g)„ 



n(n — 1) 
2 



1+s—r 



Z 



(1.4) 

with g 7^ 0. The ratio test shows that for generic values of the parameters the radius 
of convergence is oo, 1 or for r < s + l,r = s + lorr> s + 1 respectively. Since 
(g~"; q)k = ^ for k = n + 1, n + 2, the series r4>s terminates if one of the numerator 
parameters {ai} is of the form with n = 0, 1, 2, ... and q ^ 0. The r4's function is the 
g-analogue of the hypergeometric function defined by 

17/ h h I. \ ioi)n{a2)n---{a,r)n Z"^ 

rFs{ai, 02, ttr] bi, 62, 6s; z) = > — (1.5) 

{bl)n{b2jn--{bs)n n\ 

where {a)n denotes the Pochhammer symbol defined by 

(a)o = 1, and (a)^ = a(a + l)(a + 2). ..(a + A; — 1), A; = 1, 2, ... 

When one of the numerator parameters equals —n where n is a nonnegative integer 
this hypergeometric series is a polynomial in z. Otherwise the radius of convergence is 
00, 1 or for r<s + 1, r = s + l or r>s + l respectively. 

2 Continuous Q'-Laguerre polynomials 

The continuous g-Laguerre polynomials had manifested their apparition in the rational 
solutions of the g-analogue of Painleve V differential equation [H], namely as the entries 
of its associated determinant. They are defined by: [5] 

P:{x\q) = ^^^^^<P2 g^"+^e^^ g^"+^e-*^ g"+\ 0; g; g) , x = cos ^(2.1) 

^ (g2"+4e-^;g)„ ^(i^^i)„^,„,^^^ / ^i^+i^.e. ^-i.+i-n. ^. q-h^+\^-^o\ (3.2) 

The generating function of the continuous g-Laguerre polynomials is given by [3] 

(^a. ^ (g"+^t;g)oo(g"+^t;g)oo 

' (g^"+^e^et;g)„o(g5°+ie-^t;g)oo 
= E,(-g"+^t)i?,(-g"+H)e,(g^°+ie^^t)e,(g^"+^e-^^t) = J] P„"(x|g)r. (2.3) 

n>0 
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In the g — i> 1 limit, when x is replaced by in the above function (12. 3p . we find the 
generating function 



G"(x,t) = (1 -t)— ^exp (^^) = 



(2.4) 



for the classical Laguerre polynomials [TU] 



Using (II. 2p and (11.31) the left hand side of (12.31) is reformulated as 

_^(a+i)fc _ ^{a+l)k 2g(5°+i)'= COS kO 



^q{x;t) = Yl exp 



fc6N* 



(2.5) 



(2.6) 



To express the continuous g-Laguerre generating function (12. 3p as a multiplicative series 
of the classical Laguerre generating function, we introduce the following parameters 



Tk 



then we have 



= n [G'''{xk,n)il-nr^'] 



= EH K(^^Kni-r.)"'=+^] 

{rifc} fceN* 

For instance {ak} is a family of generic parameters. We rewrite 



(2.7) 

(2.8) 
(2.9) 



(ak + nk + l] 



(2.10) 



We obtain 



{nk} {ruk} keN* >- 



f Y^nkj^otk (^^^^ ("^fe + »-fc + l)mfc ^kjuk+mk) 



(2.111 



Inserting the series given in (12.31) in the later relation (12. lip and comparing coefficients 
of equal power in t on both sides, we obtain our connection formula for the continuous 
g-Laguerre polynomials in terms of their classical analogues 



p^i^ii) = E E n 



(ak + rife + 1~ 



rfifc 



rrikl 



(2.12) 



It's obvious that the family {a^} could be any real parameters and by construction the 
left hand side of (12.121) must be independent of this family. Each set {ofc} provides an 
expansion of the continuous g-Laguerre polynomials. The solutions of the Diophantine 
partition relation 

'^k{nk + mk)=n (2.13) 

determine the set of classical Laguerre polynomials contributing to the expansion of the 
continuous g-Laguerre polynomial. For an explicit example we have used the connection 
formula (I2.12p to write the P^{x\q) polynomial. This is done after solving the Diophantine 
partition equation (I2.13P for n = 4. In Tabled] we have listed the corresponding solutions 
for this case together with their respective classical Laguerre polynomials contributions 
to the connection formula (12.121) . 

3 Continuous big Q'-Hermite polynomials 

The continuous big g-Hermite polynomials Hn{x; a; q) appear in many contexts of math- 
ematical physics in particular in [11] where it was shown that they realize a basis for a 
representation space of an extended g-oscillator algebra. They depend on one parameter 
and are defined by [5] 

Hnix; a; q) = a-"3</)2 (g"", ae*^ ae''^; 0, 0; g; g) 

= e^"^0o (g"", ae*^ -; g; g"e-2*^) , x = cos^. (3.1) 

And their generating function is given by 

r ( +■) - (q^; g)oo _ n 

Kjq[x,a,i) - (^^iet. g-^^^-iet. gY x - cosu 

= E,{-at)e,{e^H)e,{e-^H) = ^^l^^^l^t\ (3.2) 

n=0 



Let's recall that the classical Hermite polynomials, defined by [ID] 

Hn{x) = (2x)"2Fo (^-n/2, -{n - l)/2; -^^ , (3.3) 
can be obtained from the continuous big g-Hermite polynomials by the following limit 

lim(i^)-t/7„(a;(i^)^;a(2(l-g))ig^ =/f„(a;-a). (3.4) 
Their generating function is given by 



oo 



G(x,t) =exp(2xt-f) = Y^^^r. (3.5) 

n'. 

n=0 
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In similar construction, the two kinds of the g-exponential function in the deformed gener- 
ating function fl3.2p are substituted by their expressions given in (11.21) and (11.31) to obtain 
the following expression 

G,(x,a,t) = Hexp (^^^3^^ J (3.6) 

For our purpose we set 

-a^ + 2cos(fcg) 

then we can write the deformed generating function Gq{x, a, t) as an infinite product series 
of the classical Hermite generating function: 

G,(x,a,t) = J](G(xfc,t^)e*") (3.8) 



fc>i 



Inserting the series given in rhs of (13.21) and (13. 5p and the series of e*^*" in relation (13. 8p : 
and comparing coefficients of equal power in t on both sides, we obtain our connection 
formula for the continuous big g-Hermite polynomials in terms of their classical analogues 

Hn{x] a; q) _ T-r Hn,^{Xk) . , . 

" h h LI ""^^^^ ^ 

{nk} {nife} feeN* 

Here again all the problem stands in finding the solutions of the Diophantine partition 
equation 

^ k{nk + 2mk) = n. (3.10) 

fceN* 

To illustrate the connection formula (13.91) we have listed in Table [2] all the possible non- 
zero solutions of (I3.10p for n = 5 and their corresponding classical Hermite polynomials 
involved in the construction of H^{x; a; q). 

Remark 3.1 The continuous q-Hermite polynomials, (see, for example, section 3.26), 
can easily he obtained from the continuous big q-Hermite polynomials Hn{x; a; q) by replac- 
ing a = 0, then we can derive their connection formula in terms of the classical Hermite 
polynomials by taking a = in both sides of liS. 9\) . 

4 g-Meixner-Pollaczek polynomials 

In this section we treat the cases of the g-Meixner-PoUaczek polynomials [5] 



Pn{x-\;q) = g-"V^"'^ ^^ .'f " 3^2 (g"", gV(^+^'^\ g V^'; 0; g; g) , x = cos(^ 

[q] q)n 



{q;q)n 
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These are the g-analogue of the classical Meixner-PoUaczek polynomials defined by [TO] 

pW(a;;0) = i^e'"Vi(-n,A + ^x;2A;l-e-2^'^), A > 0, < < tt. (4.2) 
n! 

It's obvious from the last two expressions that the following limit is true: 



limP„(cos(lng-" + 0); A; g) = Pj,^\x; -0) 
The generating function of the g-Meixner-Pollaczek polynomials is given by 



G'Jx,t) 



Eg{-q^e'H)Eg{-q^e-'H) 



^P„(x;A;g)r, x = cos(^ + 



n=0 



Which can be written, after using (II ■3p . as 



^^ TT f 2 -q''^ COS k(f) + COS k{e + 
= Ijexpf- ^—-j: 

k>l ^ ^ 



We set 



k 



2 —q'^^ cos k(j) + cos k{6 + 



l-q^ 



then we can write G^(x,t) as 



{nfe}fc>l 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



On the other hand, for any x G M and m G N, we can expand with respect of the 
classical Meixner-Pollaczek polynomials in the following way 



X 



1=0 



where the A^'^ satisfy, for / = 0, ...,m , the following recursion relation 



^0,0 — J- 



2 sinM^;t+i = il + 2A)Ari,™ - 2(/ + A) cos^A-;;: + 



I 7 /|A,0 



(4i 



(4.9) 



and for / > m, A^'^ = 0. Using this expansion in the rhs of (14. 7p to express x^* in term of 
the classical Meixner-Pollaczek polynomials and comparing coefficients of equal power in t 
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on both sides, we obtain our connection formula for the g-Meixner-PoUaczek polynomials 
in terms of their classical partners of lower dimensions: 



ni,n2,.--=0 0<li<ni, k>l '- 
0<!2<"2. 
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(4.10) 



Here, the same observation made above for the {afc} family of the continuous g-Laguerre 
polynomials occurs for the {Xk} and {4>k} families in (14.101) i.e. the later connection 
formula remains independent of the and (p^ parameters. As example we list in below a 
few calculus of g-Meixner-PoUaczek polynomials in terms of their classical counterparts, 
after solving the partition equation ^i^^i kuk = n in each cases. 



sg) 



1 



2 sin 01 
1 



= 1 

Pi''\x,; 0i) - 2Ai cos^iPo^'^^Xi; 0i) 



+ A 



+ 



. Pf^)(xi;0i)-(2Ai + l)cos0iP('^)(xi;0i 

4sm 01 L 

,i(2AicosVi + l)^o^'^(a;i;0i) 
^ V^(X2;02) -2A2Cos02Po^'^^(a;2;02)" 



Pf (x; 



2 sin 02 
1 



3 3Pf^^(xi;0i)-6(Ai + l)cos0iPi 
24 sm 01 L 

+ l) + 2(3A? + 3Ai + l)cos2 0). 



+ ((3Ai + 1) + 2(3A? + 3Ai + 1) cos^ 0)pf ^\a;i; 0i 

2A?cos2 0i)Po^^^^(a;i;0i ' 



- 2 Aicos0i(3Ai + 1 + 
1 



+ 

X 

+ 



4 sin 01 sin 02 

Pf^Hx2;02) 



Pf ^^(xi; 0i) - 2Ai cos0iPo^^^^(xi; 0i) 
-2A2Cos02Po^'^\x2;0s ' 



X 



2 sin 03 



A^''^(a;3;03) -2A3Cos03Po^'^^(a;3;03)] (4.11) 



5 g-Gegenbauer polynomials 

The g-Gegenbauer (or continuous g-ultraspherical or Rogers) polynomials are given by p] 



-q 2 4</>3 g ,q 



-n 2\+n 



gte*^, gte~^^; ^q^+i-q- q |(5.i) 



(?;g)n 

{q ]q)n n\ -ine , / -n A X 2ie 2\ n. ^. ^\ 

, . N — q e 3</>2 (I? ,q ,q e ,q ,(),q,q) 

[q, q)n 



(g^;g)n ^ 
{q;q)n 



inO 



201 (g-", g"; g 



1 q^ ^ ) 1 



X = COS 6*. 



These polynomials can also be written as 



k=0 



{(i;(i)k{q;q)n-k 



X = COS 6*. 



(5.2) 



which are the g-analogues of the classical Gegenbauer (or ultraspherical) polynomials pLQj 



XI 



(2A)„ 



w. 



Fi -n, n + 2A; A + 



1 1-x 



E (A)fc(A)n-fc ^(n_2fc)e 
k\(n-k)\ 

k=0 ^ ' 



2' 2 
X = COS 6*. 



A ^ 



(5.3) 
(5.4) 



The generating function of the g- Gegenbauer polynomials is given by 

(gV^t; q)ooiq^e-'H;q)oo 



G^ix;t) 



Eq{-q^e'H)Eq{-q^e-'H) 



X = cos 9. 



E,{-e^H)E,{-e-^H) ^^^^ 

Again by the mean of (11.31) the last generating function (15. 5p take the following form 

21 -qk^ 



(5.5) 



Q^(x,t) 



exp 



— \ Z, 1 - 



cos{ke)f 



(5.6) 



With the parametrization Xk = cos{k9) and [A]^) 
tion reads 

nfc>0 k>l 



the deformed generating func- 



nfc! \k 



•^k ^ 



(5.7) 



Recall that for any |x| < 1 and m G N, we can expand x"^ with respect of the classical 
Gegenbauer polynomials as 



X 



mi 



21+s 



1=0 



with 



r(A)(2/ 



A) 



''Lm 



(5. 



(5.9) 



r([f] + Z + .A + l)([f]-/)! 

and s = ( resp. s = 1) for m even ( resp. m odd), [y] denotes the largest integer 
smaller than or equal to Using this expansion in the rhs of (15.71) to rewrite in 
terms of the classical Gegenbauer polynomials, and comparing coefficients of equal power 
in t on both sides, we obtain a new connection formula for the g-Gegenbauer polynomials 
in terms of their classical analogues, which is more general than the one found in [7| 
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ni,n2,...=0 0<ii<ni, k>l 

Here also the connection formula (15.101) remains independent of the parameters. 
Each real set {A^} provides an expansion of the g-Gegenbauer polynomials. As an illus- 
tration we here list the calculus of the first six g-Gegenbauer polynomials in terms of their 
classical counterparts. 



J2k>i knk,n 



(5.10) 



Ci'\x;q) 



d,'\x) = 1. 



1 



Ai + 2 V A 



Ct'\x,) 



Ai(Ai + l) 



+ ^[A]JA],. J^Cf^^^xOCf^^x,) + i[A],3lcf ^)(X3). 



1 



1 



Ai + 1 V(2Ai + 2) 



1 



Ai(Ai + 3) 



+ 



Ai(Ai + 2)(Ai + 3) 



2f^]^^f^]'A^(A7TT) 



1 



^(A2), 



1 



[A] 



1 



3— ^^^AiAs 



^ C^^(X1)CP^)(X3) + ^[A],41C^)(X4). 



C^Hxi) + 



+ 



ni(Ai + 2) V2(Ai + 3) 
1 



(Ai + l)(Ai + 4) 



Ct\x,) 



(Ai + l)(Ai + 3)(Ai+4) 
1 



+ 3[A]S[A],3 



AiA2(Ai + 2) 
1 

A3(Ai + 1) 



C^o'\x,) + -C^^'\x^)] C^^-'\x,) 



m\U^C^''\xr)d^'\x,) + \[\]A>^],^^C^^'\x,)&^'\x,) 



A1A4 



A.A 



+ 7[A]JA]; 



'Ai(A2 + l) 



A, 



(Ai), 



A, 



(5.11) 
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Remark 5.1 Recall that the continuous q-Legendre polynomials, denoted Pn{x\q) (see /5/ 
subsection 3.10.2 ), are related to the q-Gegenbauer polynomials by 

Pn{x\q) = q'^d^\x;q) (5.12) 

and the classical Legendre polynomials can be obtained from the classical Gegenbauer poly- 
nomials by replacing \ = \, then we can derive a connection formula between continuous 
q-Legendre and classical Legendre polynomials by taking A = = |, V/c G N* in l{5.10\) . 
and multiplying both sides by g * . 

6 Conclusion and discussion 

In this work, we had successfully written the connection formulae of some g-orthogonal 
polynomials appearing in the Askey scheme [5]. The first one was the continuous q- 
Laguerre polynomials, which are representing others g-analogues of the classical Laguerre 
polynomials. An explicit example P^{x\q) was given. It follows from these results that 
the solutions of the Diophantine equation fix the finite dependence structure between 
classical polynomials L'^{x) and deformed polynomials P^{x\q) for any fixed n. The 
obtention of the connection formulae was possible only because the generating function 
of continuous g-Laguerre polynomials are the product of Jackson's g-exponentials which 
could be expressed in more useful forms found by C. Quesne [B]. Our second sample 
in the Askey scheme was the continuous big g-Hermite. In this case, we had used the 
same arguments and method as in the precedent example and our connection formula 
was supported by an explicit example. The third polynomials in the list of this work 
were the g-Meixner-PoUaczek ones. The uses of relations (II. 2p and (II. 3p obtained by [Gj 
and series expansion allowed us to write a well defined connection formula relating the 
deformed polynomials to their classical counterparts. Several examples were given. In the 
last section, it wasn't difficult to give the connection formula of g-Gegenbauer polynomials 
in more general form than the one given in [7]. In all cases, except in the big g-Hermite 
polynomials cases, the generic family parameters which appear in computation process, 
drop out by construction in the final results. This means that quantum deformation of 
such orthogonal polynomials is not bijective. However, for the others polynomials in the 
Askey scheme possessing generating functions not expressed in product of g-exponentials, 
the above prescription stops working. The case of Bessel functions, which are not or- 
thogonal polynomials, could be a good candidate to write connection formulae since their 
generating function uses Jackson's g-exponentials; but this is not an easy task because the 
derived Diophantine partition equation couldn't be solved so easily, even in the simplest 
cases. However, our results may be useful in finding the relations of matrix elements of 
the unitary co-representations of the some quantum group associated with g-orthogonal 
polynomials. 

For instance, we can notice from [12] the existence of simple relations between the 
matrix elements of the metaplectic representation of sUq{l, 1) and g-generalization of 
the Gegenbauer polynomials which are slightly different from (15.21) i.e. the expres- 
sions (22) and (23). For these polynomials, we can easily compute their associated 



11 



connection formula and use it, after setting A = — (n + m), — (n + m + 1) and = 
— (rifc + rrik), —{uk + rrik + 1), to get a new relation which links the quantum matrix ele- 
ments associated with SUq{l, 1) to their classical analogous; constituting then an infinite 
dimensional representation of SUq{l, 1). In some way, this relation may be viewed as a 
kind of realization map of the standard deformation of the group from its non deformed 
form. But what is more interesting is when one takes a generic value of A; this pro- 
vides a new continuous representation more general than the precedent ones. Whether 
this representation fits or not with actual known representations of SU{1, 1) is now the 
question. 
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Solutions of (12.131) for n = 4 


Contributfons to P^{x\q) 


Til = 4 


LT{xi) 


mi = 4 


(Ql+1)4 
4! 


rii = 3, mi = 1 


-{ai + A)Lf{xi) 


rii = 1, mi = 3 


_l£^i+^Lr(xi) 


Hi = 2, mi = 2 


^"^J'>^L^^(xi) 


Til = l,""^! = l,Ti2 = 1 


{ai + 2)Ll^{xi)LT{x2) 


Til = l;'"^! = 1;'"^2 = 1 


-{ai + 2){a2 + l)L1^{xi) 


ni = 2,722 = 1 


-L2^{xi)Li^{x2) 


rii = 2, m2 = 1 


{a2 + l)L^'{xi) 


mi = 2, 77-2 = 1 


("^+^^^Lf (X2) 


mi = 2, m2 = 1 


i(ai + 1)2(02 + 1) 


772 = 2 


L?ix2) 


m2 = 2 


(02+1)2 


772 = 1, m2 = 1 


-(a2 + 2)Lf (0:2) 


77i = 1,773 = 1 


Lr(xi)Lr(x3) 


mi = 1, 773 = 1 


-(ai + l)Lr(x3) 


77i = l,m3 = 1 


-(a3 + l)^r(a;i) 


mi = 1, m3 = 1 


(ai + l)(a3 + l) 


774 = 1 




m4 = 1 


(a4 + 1) 



Table 1: Contributfons to P^{x\q). 



Solutions of fIS.lOp for 77 = 5 


Contributions to H^{x, a; q) 


77i = 5 


^H,{xi) 


77i = 1, mi = 2 


^Hiixi) 


77i = 1, 772 = 2 


^}iHi{xi)H2{x2) 


77i = 1, 772 = 1, ITT'l = 1 


(g; q)5Hi{xi)Hi{x2) 


77i = 2, 773 = 1 


^Hiix,)H2ixi) 


771 = 1, m2 = 1 


{q; q)5Hi{xi) 


773 = 1, mi = 1 


{q; q)5Hi{x3) 


772 = 1, 773 = 1 


{q; q)^Hi{x2)Hi{x^) 


Til = 1, 7i4 = 1 


(g; q)^Hi{xi)Hi{x4) 


775 = 1 


{q; q)^Hi{x^) 



Table 2: Contributions to H;^{x, a; q). 
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